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Abstract 

In this paper we use Peter May's algebraic approach to Steenrod operations to construct 
Steenrod's reduced power operations in simplicial Bredon-Illman cohomology with local 
coefficients of a one vertex G-Kan complex, G being a discrete group. 
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1 Introduction 

The study of cohomology operations has been one of the important areas of research in algebraic 
topology for a long time. For instance, they have been extensively used to compute obstructions 
|Ste47j . to study homotopy type of complexes |Tho56j and to show essentiality of maps of 
spheres (BS53 . A class of basic operations are Steenrod's squares and reduced power operations 
|Ste53bj . |Ste53aj . |Ara56j . Steenrod's squares are defined for cohomology with Z 2 coefficients 
whereas Steenrod's reduced powers are defined in cohomology with coefficients in Z p , p ^ 2 a 
prime. A very general and useful method of constructing these operations is given in |May70| . 
A categorical approach to Steenrod operations can be found in |Eps66| . In |Git63j . S. Gitler 
constructed reduced power operations in cohomology with local coefficients. A well known 
result of Eilenberg describes cohomology of a space with local coefficients by the cohomology 
of an invariant subcomplex of its universal cover, equipped with the action of the fundamental 
group of the space |Spa94| . The main idea of Gitler's construction is to lift power operations 
in this invariant cochain subcomplex and reproduce the operations in cohomology with local 
coefficients via Eilenberg's description. The relevant local coefficients in this context is obtained 
by a fixed action of the fundamental group of the space on a fixed cyclic group of prime order 

Recently, in |MS10aj . we introduced simplicial equivariant cohomology with local coefficients, 
which is the simplicial version of Bredon-Illman cohomology with local coefficients MM96 . 
The aim of this paper is to construct Steenrod's reduced power operations in simplicial Bredon- 
Illman cohomology with local coefficients, where the equivariant local coefficients take values 
in a Zp-algebra, for a prime p > 2. Throughout our method is simplicial. It may be mentioned 
that in |Gin04] . for a space with a group action Steenrod's squares have been introduced in 
Bredon-Illman cohomology with local coefficients. 

We have the notion of 'universal Oc-covering complex' of a one vertex G-Kan complex X 
[MS 10a]. This is defined as a contravariant functor from the category of canonical orbits to 
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the category of one vertex Kan complexes and is the analogue, in the equivariant context, of 
the universal cover of a one vertex Kan complex |Gug60 . This universal Oc-covering complex 
comes equipped with an action of an Og-group kX (see Section 4 for details) and an equivariant 
analogue of Eilenberg theorem holds [MSlObj . Following Gitler [Git63l , we first construct the 
power operations in the 7rX-equivariant cohomology of 'universal OG-covering complex'. This is 
done by applying the algebraic description of Steenrod power operations of P. May |May70| . We 
then use the equivariant version of Eilenberg theorem to reproduce Steenrod's reduced power 
operations in the present context. It may be remarked that our method also applies when p = 2, 
and hence yields Steenrod squares too. 

The paper is organized as follows. In Section 2, we recall some standard results and fix 
notations. The notion of equivariant local coefficients of a simplicial set equipped with a sim- 
plicial group action is based on fundamental groupoid. In Section 3, we recall these concepts 
and quickly review the definition of simplicial Bredon-Illman cohomology with local coefficients. 
In Section 4, we state the equivariant version of Eilenberg theorem. In Section 5, we briefly 
recall the algebraic method of P. May and then apply it to construct Steenrod's reduced power 
operations in simplicial Bredon-Illman cohomology with local coefficients. 

2 Preliminaries 

In this section we set up our notations and recall some standard facts |May67| , }GJ99] . 

Throughout S will denote the category of simplicial sets and simplicial maps. Let A[n] 
denote the standard simplicial n-simplex and A n be the unique non-degenerate n-simplex of 
A[n]. We have simplicial maps 5i\ A[n — 1] — > A[n] and Oi : A[n + 1] — > A[n] for < i < n 
defined by <5,(A„_x) = <3j(A„) and <7i(A„ + i) = s,-(A„). The boundary subcomplex <9A[n] of 
A[n] is defined as the smallest subcomplex of A[n] containing the faces diA ni i = 0, 1, • • ■ , n. 

Definition 2.1. Let G be a discrete group. A G-simplicial set is a simplicial object in the 
category of G-sets. More precisely, a G-simplicial set is a simplicial set {X n ; 3j,Sj,0 < i < 
n} n >o such that each X n is a G-set and the face maps di~. X n — > X n ^\ and the degeneracy 
maps Si : X n — > X n+ i commute with the G-action. A G-simplicial map between G-simplicial 
sets is a simplicial map which commutes with the G-action. 

For a G simplicial set X, we consider X x A[l] as a G-simplicial set with trivial G-action 
on A[l]. 

Definition 2.2. Two G-simplicial maps f,g:X^Y between G-simplicial sets X and Y are 
G-homotopic if there exists a G-simplicial map %: X x A[l] — > Y such that 

H o (id X S\) = f, Ho (id x 5 a ) = g, 

where I x A[0] is identified with X . The map % is called a G-homotopy from f to g and we 
write % : f ~c? 9- If i '■ X' C X is an inclusion of a subcomplex and /, g agree on X' then we 
say that f is G-homotopic to g relative to X' if there exists a G homotopy % : / ~g 9 such that 
Ho(ix id) — a o pr±, where a = f\x> = g\x' and pr\ : X' x A[l] — > X' is the projection onto 
the first factor. In this case we write H: f ~c? 9 ( r sl X'). 

Definition 2.3. A G-simplicial set is a G-Kan complex if for every subgroup H C G the fixed 
point simplicial set X H is a Kan complex. 

Remark 2.4. Recall (\A G9I$ , \FG98$ ) that the category GS of G-simplicial sets and G- 
simplicial maps between G-simplicial sets has a closed model structure \Qui67l , where the fibrant 
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objects are the G-Kan complexes and cofibrant objects are the G-simplicial sets. From this it 
follows that G-homotopy on the set of G-simplicial maps X — > Y is an equivalence relation, for 
every G-simplicial set X and G-Kan complex Y . More generally, relative G-homotopy is an 
equivalence relation if the target is a G-Kan complex. 

We consider G/H x A[n] as a simplicial set where (G/H x A[n]) g = G/H x A[n] ? with 
face and degeneracy maps as id x di and id x s$. Note that the group G acts on G/H by 
left translation. With this G-action on the first factor and trivial action on the second factor 
G/H x A[n] is a G-simplicial set. 

Let X be any G-simplicial set. A G-simplicial map a: G/H x A[n] — > X is called an 
equivariant n-simplex of type H in X. 

Remark 2.5. We remark that for a G-simplicial set X , the set of equivariant n-simplices of 
type H in X is in bijective correspondence with n-simplices of X H . For an equivariant n-simplex 
a, the corresponding n-simplex is a' — a(eH, A„). The simplicial map A[n] — > X H , A„ n> a' 
will be denoted by a. 

We shall call a degenerate or non-degenerate according as the n-simplex a' £ X„ is degen- 
erate or non-degenerate. 

Recall that the category of canonical orbits, denoted by Og, is a category whose objects are 
cosets G/H, as H runs over the all subgroups of G. A morphism from G/H to G/K is a G-map. 
Such a morphism determines and is determined by a subconjugacy relation a~ x Ha C K and is 
given by a(eH) = aK. We denote this morphism by d |Bre67j . 

Definition 2.6. A contravariant functor from G to the category of simplicial sets S is called 
an G -simplicial set. A map between G -simplicial sets is a natural transformation of functors. 

We shall denote the category of 0<3-simplicial sets by O g S. 

For a commutative ring A, let A-alg denote the category of commutative A-algebras with 
unity and algebra homomorphisms preserving unity. The category of A-modules and module 
maps is denoted by A-mod. The category of chain complexes of A-modules is denoted by 
ch\. The notion of Oc-groups, Og-A-algebras or Oc-diain complexes has the obvious meaning 
replacing S by Qrp (the category of groups), A-alg or ch\, respectively. 

For any two OG-simplicial sets (respectively, OG-groups) T and T' , we define their product 
(T x T') £ O g S (respectively, G -Qrp) as 

(T x T'){G/H) = T(G/H) x T'{G/H) 

for objects G/H of G and (T x T')(a) = T(a) x T'(a) for a morphism a of O a . 

For a G-simplicial set X, with a G- fixed 0-simplex v, we have an Og-group tt_X defined as 
follows. For any subgroup H of G, 

nX(G/H) :=th{X h ,v) 

and for a morphism a: G/H — > G/K, a~ 1 Ha C K, irX(a) is the homomorphism of funda- 
mental groups induced by the simplicial map a: X K — > X H . 

Definition 2.7. An G -group p is said to act on an G -simplicial set (0 G -K-algebra or O g - 
chain complex) T if for every subgroup H C G, p(G/H) acts on T(G/H) and this action is 
natural with respect to maps of O g . Thus if 

4>{G/H): p(G/H) x T(G/H) T{G/H) 
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denotes the action of p(G/H) on T(G/H) then for each subconjugacy relation 
a' 1 Ha CK, 

cf>{G/H) o (p(a) x T{a)) = T{a) o 4>{G/K). 

Definition 2.8. Let an Oc-group p acts on Oc-simplicial sets T and T . A map f: T — > T' 
is called p-equivariant if 

f(G/H)(ax)=af(G/H)(x), a€p(G/H), x e T(G/H), 

for each subgroup H of G. 

Definition 2.9. Let L, L' be Oc-chain complexes. Two natural transformations v = {v„}, w = 
{w n }: L — > V are said to be homotopic if there exist natural transformations 

H n : v„ w„ + i, n > 

such that {H n (G/H )}„>o is a chain homotopy of the chain maps v(G/H),w(G/H) for each 
subgroup H of G. Symbolically we write % : v ~ w. 

If an OQ-group p acts on L,L' and v,w are p-equivariant, then v,w are said to be p- 
equivariantly homotopic if there exists a homotopy H : v ~ w which satisfies 

n n (G/H)(ax) = aU n (G/H)(x) for a £ p{G/H), x £ v n (G/H), H C G. 

Definition 2.10. The tensor product L® L' : Oq — > ch\ of two Oc-chain complexes L and L' 
is defined as 

(L ® L'){G/H) = L(G/H) ® L'(G/H), 
for each object G/H of Oq and (L eg) L')(a) = L{a) ® L'(a) for a morphism a of Oq- 

Note that a chain complex W can be considered as an O^-chain complex in the trivial way, 
that is, W(G/H) = W, W(a) — id. So the tensor product of W with an Og-chain complex is 
defined. 

Throughout the paper, unless otherwise mentioned explicitly, all the tensor products are 
over the ring A. 

3 Simplicial Bredon-Illman cohomology with local 
coefficients 

In this section we recall jMSlOaj the relevant notion of fundamental groupoid of a G-simplicial 
set X, the notion of equivariant local coefficients on X and the definition of simplicial Bredon- 
Illman cohomology with local coefficients. 

We begin with the notion of fundamental groupoid. Recall GJ99] that the fundamental 
groupoid ttX of a Kan complex X is a category having as objects all O-simplexes of X and a 
morphism x — > y in nX is a homotopy class of 1-simplices w. A[l] — > X rel 9A[1] such that 
w ° = Vi w ° Si = x. If u>2 represents an arrow from x to y and luq represents an arrow 
from y to z, then their composite [ujq] o [^2] is represented by fi o Si, where the simplicial map 
f2 : A [2] — > X corresponds to a 2-simplcx, which is determined by the compatible pair (u' , , uj' 2 ). 
For a simplicial set X the notion of fundamental groupoid is defined via the geometric realization 
and the total singular functor. 

The fundamental groupoid of a G-simplicial set is defined as follows. 
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Definition 3.1. Let X be a G-Kan complex. The fundamental groupoid HX is a category with 
objects equivariant O-simplices 

x H : G/H x A[0] X 

of type H , as H varies over all subgroups of G. Given two objects xh and yx in HX , a 
morphism from xh — > VK is defined as follows. Consider the set of all pairs (a, cj>) where 
a: G/H — > G/K is a morphism in Oq, given by a subconjugacy relation a~ 1 Ha C K , a e G so 
that a(eH) — aK and <p: G/H x A[l] — >• X is an equivariant 1-simplex such that 

4> o (id x Si) = xh, 4> o (id x So) = vk ° (a x id). 

The set of morphisms in HX from Xh to yx is a quotient of the set of pairs mentioned above 
by an equivalence relation ' ~ ; , where (ai,^i) ~ (ffl2,</>2) if and only if a\ — 02 — a (say) and 
there exists a G-homotopy H: G/H x A[l] x A[l] — > X of G-homotopies such that %: </>i ~g <p2 
(rel G/H x <9A[1]J. Since X is a G-Kan complex, by Remark \2.4\ ~ is an equivalence relation. 
We denote the equivalence class of (a,(f>) by [a, <f>]. The set of equivalence classes is the set of 
morphisms in HX from xh to yx- 

The composition of morphisms in HX is defined as follows. Given two morphisms 

[ai,4>l] [62 1 0s] 
XH >- VK Z L 

their composition [aj, 02]°[ai, 4>i] is [aiSa, ip] ■ xh —> Zl, where the first factor is the composition 

G/H G/K G/L 

and tp: G/H x A[l] —> X is an equivariant 1-simplex of type H as described below. Let x be a 
2-simplex in the Kan complex X H determined by the compatible pair of 1-simplices (ai(f>' 2 , , <t>'x) 
so that Oqx = ai<ft 2 an< ^ = 'Pi- Then ip is given by ip(eH, Ai) = d\X. 

Observe that <f>' is a 1-simplex in X H such that d%(j)' — x' H and do<t>' — a-y' K . Moreover the 
0-simplex ay' K in X H corresponds to the composition 

G/H x A[0] ^> G/K x A[0] ^ X 

and is a G-homotopy xh —g Vk ° (a x id) (cl. Remark 12.51 for notations). 

It is proved in [MSlOa] that the composition is well defined. For a version of fundamental 
groupoid of a G-space we refer |Liic89] . |MM96] . 

Observe that if X is a G-simplicial set then S\X \ is a G-Kan complex, where for any space Y, 
SY denotes the total singular complex and for any simplicial set X, \X\ denotes the geometric 
realization of X. 

Definition 3.2. For a G-simplicial set X, we define the fundamental groupoid WX of X by 

nx := us\x\. 

Note that if F : X — > Y is a G-simplicial map then there exists an obvious induced functor 
H(F) : HX — > HY which assigns to each object xh of HX, the object F o xh of ny and a 
morphism [a, 4>] in HX to the morphism [a, F o <fi] of HY. 

Remark 3.3. Suppose £ is a morphism from x to y in irX H , given by a homotopy class [57], 
where ZJ: A[l] — > X H represents the 1-simplex in X H from x to y. Let xh and yn be the 
objects in irX H defined respectively by 

x H {eH,A a ) = x, y H (eH,A )=y. 

Then we have a morphism [id,u>]: xh — > Vh i n HX , where Lj(eH,A±) = tU(Ai). We shall 
denote this morphism corresponding to £ by 6£. 
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Definition 3.4. An equivariant local coefficients on a G-simplicial set X is a contravariant 
functor from HX to the category A-alg. 

Next, we briefly describe the simplicial version of Bredon-IUman cohomology with local 
coefficients as introduced in MSI On . 

Let X be a G-simplicial set and M an equivariant local coefficients on X. For each equivari- 
ant n-simplex a: G/HxA[n] — > X, we associate an equivariant O-simplex cr# : G/H x A[0] — > X 
given by 

OS = o- o (id X 5(i )2 ,.. ., n )), 
where 5(i2,— ,n) is the composition 

5(1,2,-., n) : A[0]^A[f]^..-^A[n]. 

The j-th face of a is an equivariant (n — f)-simplex of type H, denoted by and is defined 
by 

o-W = a o (id x Sj), < j < n. 
Remark 3.5. Note that = oh for j > 0, and 

°~ { h — o~ ° (id x 5(0,2,.. ,„))• 

Let Cq(X;M) be the A-module of all functions / defined on equivariant n-simplexes a : 
GIB. x A[n] -> X such that f(a) 6 M(a H ) with f(a) = 0, if a is degenerate. We have a 
morphism ct* = [id, a] in UX from cr# to er^ induced by a, where a: G/H x A[f] — > X is 
given by a = a o (id x 5(2,.. ,„)). Define a homomorphism 

5: CZ(X-M) -+ Cl +1 (X-M)- f ^ 5/ 

where for any equivariant (n + f )-simplex <r of type H, 

n+l 

(5/)(<t) = M(a,)(/(a(°))) + ^(-Iji/^U)). 

i=i 

A routine verification shows that 5 o 5 = 0. Thus {Cq(X; M), 5} is a cochain complex. We are 
interested in a subcomplex of this cochain complex as described below. 

Let 77: G/H x A[n] — ► X and r: G/if x A[n] — > X be two equivariant n-simplexes. Suppose 
there exists a G-map a: G/H — > G/K, a~ 1 Ha C if, such that r o (d x id) = 77. Then 77 and r 
are said to be compatible under a. Observe that if 77 and r are compatible as described above 
then 77 is degenerate if and only if r is degenerate. Moreover notice that in this case, we have 
a morphism [d, k] : — > in DAT, where k = o (id x er ), where Co : A[l] — > A[0] is the 
simplicial map as described in Section 2. Let us denote this induced morphism by a*. 

Definition 3.6. We define Sq(X;M) to be the submodule of Cq(X;M) consisting of all func- 
tions f such that if 77 and t are equivariant n-simplexes in X which are compatible under d then 
/(»,)= M(o,)(/(r)). 

If / 6 S%(X;M) then one can verify that 5/ e Sq +1 (X;M). Thus we have a cochain 
complex of A-modules S G (X; M) = {Sq(X; M), 5}. 
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Definition 3.7. Let X be a G-simplicial set with equivariant local coefficients M on it. Then 
the n-th Bredon-Illman cohomology of X with local coefficients M is defined by 

H G (X;M) :=H n (S G (X;M)). 

Suppose that X, Y are G-simplicial sets and M, N are equivariant local coefficients on X 
and Y respectively. A map from (X,M) to (Y,N) is a pair (F,j), where F: X — > Y is a G- 
simplicial map and 7 : iVoII(F) — »■ M is a natural transformation of functors, 11(F) : HX — Y HY 
being the map induced by F. A map (F, 7) : (X, M) — > (Y, N) naturally induces a cochain 
map (F, 7 )#: S G (Y;N) S* G {X\M) as follows. For / £ S G (Y;N) and an equivariant n- 
simplex a in X of type H, (F, 7)*(/)(<x) = "f(o~H)f{F o <j). Therefore we have an induced map 
(F, 7)* : iFA(F; N) ^ H G {X; M) in cohomology. 

We now define the cup product in simplicial Bredon-Illman cohomology with local coeffi- 
cients. Let a: G/H x A[n + m] —> X be an equivariant (n + m)-simplex of type H. Then define 
o-\ n =cro (idc/H x ^(n+i,-,n+m))) U CT = CT ( id G/H x 5(0, ■■-,«)) where ,„+ m ) : A[n] ->■ 

A[n + m] and <W... ,„) : A[m] — > A[n + m] are defined as before. For cochains / £ S G (X; M) 
and (7 G S G (X; M), the cup product f U g £ S G +m (X; M) is the cochain whose value on a is 
given by the formula 

(fUg)(a) = f(a\ n )(M(a n+1 )g([ m a)) 

where a n +\ = [id, a o (idc/H x .n,n+2.--- ,n+m))] is a morphism in LIX from (ctJ„)h to 
(Lmc)fl-. A routine verification shows that / U g belongs to S G m (X; M) and 

d(fUg)=dfUg + (-l) de ^fUdg. 

Therefore it induces a product in cohomology which is associative and graded commutative. 
Thus H G (X;M) is an associative graded algebra. 

Suppose M is an equivariant local coefficients on a G-simplicial set X with a G-fixed 0- 
simplex v. Then M determines an Og-A-algebra Mo equipped with an action of the Oc-group 
nX as described below. 

For any subgroup H of G, let vh be the object of type H in HX defined by 

v H : G/H x A[0] -> X, v H {eH, A ) = u. 

Then for any morphism a: G/H — > G/K in Oq given by a subconjugacy relation a~ 1 Ha C if, 
we have a morphism [a, fc] : «jj — >■ in HX, where k : G/H x A[l] — > X is given by k(eH, Ai) = 
So«. Define an Ofj-A-algebra M by 

M (G/H) := M(« H ), flCG, 

and Mo (a) = A/ [a, k] for a morphism & in Oq- 

We now describe the action of the Oc-group nX on Mq. Let a = [0] € ttX(G/H) = 
wi(X H ,v). Then the morphism [id, <f>] : Vh vh, determined by 4>(eH, Ai) = ^(Ai), is an 
equivalence in the category HX. This yields a group homomorphism 

b: 7Ti(X H ,v) ->■ Autnx a = [4>] i-> 6(a) = [id,</>]. 

The composition of the map & with the group homomorphism Autnx(vH) Aut A _ a ^g(M(vH)), 
which sends a £ Autuxivn) to [M(a)] _1 , defines the action of 7Ti(X ff ,u) on Mo(G/H). It is 
routine to check that this action is natural with respect to morphisms of Oq. 

Conversely, an O^-A-algebra Mo, equipped with an action of the O^-group 7rJT, defines an 
equivariant local coefficients M on X, where X is G-connected and v £ X G a fixed 0-simplex 
jMSIOaj . 
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4 Eilenberg Theorem 

In this section we recall a version of Eilenberg theorem [MSlObj for simplicial Bredon-Illman 
cohomology with local coefficients. 

Let Aa denote the category with objects the triples (T,M ,p) where T is an Oc-simplicial 
set, M an 0<3-A-algebra and p is an Oc-group which operates on both T and Mq. A morphism 
from (T,M ,p) to {T'.M^p') is a triple (/ ,/i,/ 2 ), where /„ : T ->. T', f 1 : Mq M and 
$2 - p p' are maps in the appropriate categories such that 

fo(G/H)(ax) = f 2 (G/H)(a)f (G/H)(x), h{G / H)[f 2 {G / H){a)m' Q ] = ah{G/H){m! Q ), 

H CG, z € T(G/H),a G p{G/H) im ' e M^G/H). 

The p-equivariant cohomology of T with coefficients Mo is defined as follows. We have an 
Oc-chain complex {G^T), 9*}, defined by 

G n (T) : O g -> A-mod, G/iJ i-» C n (T(G/H); A), 

where C n (T(G/H);A) is the free A-module generated by the non-degenerate n-simplices of 
T(G/H), For any morphism a: G/H —t G/K in Oq, 

C n (T)(a) = a # : C n (T(G/K); A) -> C n (T(G/H);A) 

is induced by the simplicial map T(a): T(G/K) -> T(G/H). The boundary 9„: G n (T) ->• 
C n _!(T) is a natural transformation defined by <9 n (G /H) : C n (T(G/H);A) ->■ C n -i(T(G/ H); A) , 
where d n (G/H) is the ordinary boundary map of the simplicial set T(G/H). The action of p on 
T induces an action of p on the Og-chain complex {G + (T),9*}. We form the cochain complex 

{C;(T;M ) = Hom p (C«(T),M ),6*} 

where Hom p (C_ n (T), Mq) consists of all natural transformations C n (T) — > Mo respecting the 
action of p and S n f is given by / o 9 n +i. Then the n-th p-equivariant cohomology of T with 
coefficients Mq is given by 

H;(X;M q ) :=H n (C;(T;M )). 

Remark 4.1. is easy to observe that a morphism (/cn/ij/a)- (T,Mq,p) — ¥ (T 1 ', Mq, p') 
induces a cochain map G*(/o, ft, fa) ■ C*(T; Mq) — > C*, (T"; Mq). 

The cochain complex C*(T;Mq) is equipped with a cup product, defined as follows. We 
have a natural transformation 

(:C,(TxT)^C,(T)®C,(r), 

where £(G/H) is the Alexander- Whitney map for the simplicial set T(G/H), H C G |May67| . 
We have a p-action on G(T), induced by the p-action on T and hence diagonal actions of p on 
T xT and G(T) Cg)G(T). Since the Alexander- Whitney map of simplicial sets is a natural map, 
£ is equivariant with the induced actions of p on C_(T x T) and G(T) ® G(T) . Then the cup 
product is defined as the composition 

G p *(T; Mq) ® G p *(T; M ) ^> Hom p (C(T) ® G(T), M ) ^ G p *(T x T; M ) ^> G p *(T; M ). 
Here a: C*(T; M Q ) ® C*(T; M ) -> Hom p (C^(T x T),M ) is defined by 

a(J®g)(G/H)(x® y ) = (-i)*»M**<v) f(G/H)(x)g(G/H)(y) 
where f,g &C* (T) and x,y £ C*(T)(G/H) and D : T -> T x T is the diagonal map. 
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Remark 4.2. The cochain complex G*(T; Mo), equipped with the above cup product, is a homo- 
topy associative differential A-algebra and the induced product in the cohomology is associative 
and graded commutative. 

We now relate the simplicial Bredon-Illman cohomology with local coefficients of a one vertex 
G-Kan complex with the equivariant cohomology of its universal O^-covering complex [MS 10b) . 

Let X be a one vertex G-Kan complex. We denote the G-fixed vertex by v. Let M be an 
equivariant local coefficients on X and Mq be the associated Oc-A-algebra as described at the 
end of the previous section. For any subgroup H of G, let 

be the universal cover |Gug60|rMS10b] of X H . The left translation a : X K —> X H , corresponding 
to a G-map a: G/H — > G/K, a~ 1 Ha C K, induces a simplicial map a: X K — > X H such that 
Ph o a = aop K . This defines an Og-Kan complex X by setting X(G/H) = X H and X(a) = a. 
This is called the universal O^-covering complex of X. This is the simplicial analogue of Oq 
covering space as introduced in |MM 96 . We refer |Liic89j for a more general version, called 
'universal covering functor'. The natural actions of tt_X(G/H) = tti(X h ,v) on X{G/H) = X H 
as H varies over subgroups of G, define an action of the Oc-group tt_X on X. Thus (X, Mq,tt_X) 
is an object of Aa- 

Theorem 4.3. fMSlObf Let X be a one vertex G-Kan complex with equivariant local coefficients 
M on it. Then, with notations as above, there exists an isomorphism of graded algebras 

H* G (X;M)^H^ X (X-M ). 

The proof is obtained by constructing isomorphism at the cochain level. The explicit iso- 
morphism is described as follows [MSlObj . Define 

/i: Sg(X;M) -> Hom^ x {C n (X), M ) 

as follows. Let / G Sq(X;M) and y be a non-degenerate n-simplex in X H . Let a be the 
equivariant n-simplex of type H in X such that a = pn ° y, where y : A[n] — > X H is the 
simplicial map with y(A n ) — y. Then /«(/) € Hom :!L x(G_ n (X), Mg) is given by 

fi(f)(G/H)(y) = M(b^ H (d (lt2 ,.. }n) y))f(a), 

where d^ 2y .. ^ n) y = did 2 ■ ■ ■ d n y. 
The inverse of /i, 

u- 1 : Hom„ x (C n (X),Mo) -> Gg(X; M) 

is described as follows. Let / G Hom n x{C_ n (X), Mq) and cr be a non-degenerate equivariant 

n-simplex of type H in X. Choose an n-simplex y in X H such that ph(v) — o~(eH, A„). Then 
is given by 

ti- 1 (f)(o-)=M(bt; H (d( h2 ,..., n) y))- 1 f(G/H)( y ). 
It is easy to check that [i(flig) = fi(f)Li/j,(g) for /, g e Sq(X; M). Hence we have an isomorphism 

V* :H* G (X;M)^H^x(X;M ) 

of graded A-algebras. 



9 



5 Steenrod reduced power operations 



In this section we briefly recall the relevant part of the general algebraic approach to Steenrod 
operations by P. May |May70| , necessary for our purpose. We apply this method to construct 
Steenrod power operations in equivariant cohomology of Oc-simplicial sets in general. In par- 
ticular, for a one vertex G-Kan complex X, we have reduced power operations defined for 
7rX-equivariant cohomology of the universal Oc-covering complex X. We then apply the Theo- 
rem 14.31 to deduce the Steenrod power operations in simplicial Bredon-IUman cohomology with 
local coefficients. 

Let p be an odd prime and A be the commutative ring Z p . Suppose E p denotes the symmetric 
group on p-letters and n be a subgroup of E p . Let An (respectively, AE p ) denote the group ring 
of 7r (respectively, E p ) over A and V, W be free resolutions of A over AE p , An respectively. If n 
is cyclic of order p with generator a = (p, 1, 2, • • • ,p — 1), we shall use the following canonical 
model of W. Let Wi be A7r-free module on one generator e 2 , i > 0. Let N = 1 + a + ■ ■ ■ + a p_1 
and T = a — 1 in An. Define differential d, augmentation e: Wo — > A, and coproduct ip on W 
by the formulas 

d(e 2 i+i) = Te 2i , d(e 2i ) = Ne 2i -i, e{a? e ) = 1; 
ip(e 2i+ i) = ^ e 2j <g>e 2k+1 + ^ e 2]+1 ® ae 2k , 

j-\-k=i j-\-k=i 

V>( e 2i) = X! e 2j® e 2fc+ X! X! a r e 2l+1 ®a s e 2k . 

j + k—i j-\-k=(i— 1) 0<r<s<p 

Thus W is a differential A7r-coalgebra and a A7r-free resolution of A. 

From now on, unless otherwise stated, n will be cyclic of order p with generator a. 

By a A-complex K, we will mean a Z-graded cochain complex of A-modules with differential 
of degree 1. We denote the p-fold tensor product K ® • • • ® K by K p . Then K p becomes a 
A7T-complex by the following n operation, 

t(ui ® ■ • • ® Up) = 7(r)tti ® • ■ • Ui-i ® ® ^ ® u i+2 • • ■ ® u p 
where 7(r) = (_l)deg(««)de 9 (« 4+ i) if T ig the interchange of i-th and (i + l)-th factor. We 
consider W as a non-positively graded A-complex. The inclusion of n in E p induces a morphism 
j : W —> V of A7r-complexes. 

We have the following algebraic category €(p) on which the Steenrod operations are defined. 
The objects of this category are pairs (K,9), where K = {K l }i £ z is a homotopy associative 
differential A-algebra, and 9: W ® K p —} K is a morphism of A7r-complexes, satisfying the 
following two conditions. 

1. The restriction of 9 to eo®K p is A-homotopic to the iterated product K p —> K, associative 
in some order. 

2. The morphism 9 is A7r-homotopic to a composite W ® K p > V ® K p K where <j> is 

a morphism of AE p -complexes. 

A morphism /: (A", 9) — > (K' , 9') is a morphism of A-complexes /: K — > K' such that the 
following diagram is A7r-homotopy commutative. 

W®K p 8 —+ K 

W ® (K') p —2— K' 
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The tensor product of two objects (if, 9) and (if', 9') is the pair (if ® if', 9), where 9 is the 
composite 

W ® (if ® iff ^> W ® VF ® if p ® if ' p '^ t0 ' rf ) W <g> if p <g> W ® if ,p if ® if'. 

Here ip: W — > W ® W is the coproduct, U : {K® K') p — ► if p ® if /p is the shuffling isomorphism 

and i(ai <8> y) = (-i)deg(x)de g ( v ) 

y ®x. 

Definition 5.1. An object (if, 9) £ is said to fee a Cartan object if the product K®K — > K 
is a morphism from (if ® if, 0) £o (if, 9). 

For an object (if , 9) of C(p), there are maps D t : H q (K) -> H pq - l (K ), i > 0, defined as 
follows. For a; G ff g (iTj, e 4 (8 x p is an well defined element of H^-^W ® A *- |May70| and 
define D^x) = 6* fa <g> x p ), where 0„ : H pq ^{W (g) Ajr if p ) -> H^'^K) is induced by 0. Wc 
make the convention that Di = for j < 0. Then the Steenrod power operations 

V s : H q (K) -> H q+2s( - p ^(K), /3V S : H q {K) -)• i/s+^f-D+^if) 

are defined by the following formulas 

P s (x) = (-l) r (m!)^ (9 _ 2s)(p _ 1) ( a; ), (3V s (x) = (-l) r (m!)^ (9 _ 2s)(p _ 1) _ 1 ( a; ) 

where m = (p — l)/2 and r = s + m(g + q 2 )/2. 

Proposition 5.2. TTie power operations satisfies the following properties. 

1. V s and PV S are natural homomorphisms. 

2. V s {x) = if 2s > q, f3V s = 0if2s>q, and T s {x) = x p if 2s = q. 

3. If (if, 9) is a Cartan object then V s satisfies the Cartan formulas 

v s {xy)= ^)r j (y), 

i+j=s 

pV s+1 (xy)= [Pr i+1 (^r j (y) + (-l) de ^ x) V i (x)pV j+1 (y)]. 

i+j=s 

Remark 5.3. In general f3V s is single notation. But if (K,9) is reduced mod p ( t r May70l) then 
Bockstein homomorphism 

f3: H n (K) — > H n+1 (K), 
can be defined and (3V S is the composition of V s with the Bockstein. 

Next we recall the definition of 'Adem object' in €(p) |May70| . We need the following 
notations for the definition. 

Consider S p 2 as permutations on the p 2 symbols {(i,j)\l < i,j < p}. Embed ir =< a > 
(C E p ) in E p 2 by letting a(i,j) = (i,j + 1). Let oti <E E p 2, 1 < % < p be defined as cii(i,j) = 
(i,j + 1) and cti(k,j) = (k,j) for k i. Let 

(3 = ax ■ ■ ■ a p , v =< P >, a = iris, r =< a±, ■ ■ ■ , a p , a > . 

Note that j3 and a« are of order p and the following relations hold. 

aoti = cti^ia; OLiCtj — ctjOLi] a/3 = /3a. 
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Let Wi = W and W 2 = W regarded as A7r-free and Av-hee resolutions of A respectively. 
Let is, 7r operate trivially on W\ , W 2 respectively. Then W\ <S> W 2 is a Act- free resolution of A 
with the diagonal action of a on W\ ® W 2 ■ 

If M is any ^-module, let r operates on M p by letting a operates by cyclic permutation 
and by letting en operate on the i-th factor as does j3. Let ai operates trivially on W\. Then r 
operates on W\ and we let r operate diagonally on W\ ® M p . In particular W\ ® W 2 is then a 
Ar-free resolution of A. 

Let (K,9) £ <£(p). We let £ p 2 operate on K p by permutations with the (z,j)-th factor K 
being the j-th factor K in the i-th factor K p of K p2 = (K p ) p . We let v operate on W 2 <E) K p by 
letting ft acting as cyclic permutation on K p . By the previous paragraph this fixes an action 
of t on Wx ® (W 2 (g>K p ) p . 

Let Y be any A£ p 2-free resolution of A with Yq = A£ p 2 and let w: Wi ® W 2 ™> F be any 
r-morphism over A. 

With these notations, we have the following definition. 

Definition 5.4. Let (K,9) £ <£(p). We say that (K,9) is an Adem object if there exists a 
S p 2 -morphism w:Y® K p — > K such that the following diagram is Ar-homotopy commutative 

„ 2 w®id 2 ri 

(Wi ® Wf ) <8> K p Y <g> K p K 

idxU id 

Wi ® (W 2 <8 # p ) p -^1 v^i ® if p if 

-ffere U is the shuffle map and S p 2 acts trivially on K. 

It has been proved in |May70| that the following relations among the V s and 0V S are valid 
on all cohomology classes of Adem objects in €(p), p > 2. 

• If a < pb then /3 e V a V b = Ei(-!) a+l ( a - pi, (p - l)b - a + i - I) ^-pa+b-i-pi _ 

• If a <pb then /3 e V a [3P b = (1 - e) ^ l (-l) a+i (a - pi, (p-l)6-a + i- l)/37' a + fc - i F i 

~ ( a - P« - 1, (p - 1)5 - a + i)/3 e P a+b - t fiV* . 

where e = 0, 1 and ,3 7> s = 7> s and P lr P s = (3V S . 

We apply the above algebraic construction to define Steenrod reduced power operations in 
equivariant simplicial cohomology of an Oc-simplicial set, as defined in the Section 4. This is 
done by constructing a functor T from Aa to £(p). 

Let (T,Mo,p) be an object of ,4a. We have already noted in Remark 14.21 that the cochain 
complex C*(T; M ), equipped with the cup product, is a homotopy associative differential 
graded A-algebra. We now construct a morphism of A7r-complexes 

9 : W ® C* p (T; M ) p -> C* p (T; M ) 

so that (C*(T; Mq),9) becomes an object of the category C(p). 

For a simplicial set L, let C(L) denote the normalized chain complex with coefficients A. 
We recall the following lemma from |May70| . 

Lemma 5.5. Let tt be a subgroup ofE p (not necessarily cyclic of order p) and W be a Air-free 
resolution of A such that Wq = An with generator eg. For simplicial sets L\, ■ ■ ■ , L p , there exists 
a morphism in ch\ 

W ® C(L 1 x • • • x L p ) -> W <g> C{L X ) ® ■ ■ ■ ® C{L p ) 
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which is natural in the Li and satisfies the following properties 
1. For a G 7T, the following diagram is commutative 



W ® C(Li x • • • x L p ) 



W®C{L X ) 



C(L P 



W 



C(L a(1) x • ■ • x L a(p) ) W <g> C^!)) » • • • ® COL^p)) 



U. $ is i/ie identity homomorphism on W ® Cq(L\ x • • • x L p ). 
3. $(eo <8> (xi, • • ■ , x p )) = eo ® £(xi, ' ' ' > x p) where Xj G Lj /or 1 < i < p and 

f : C(Li X • • • X L p ) -> C(Li) ® • • • g> C7(L P ) 
is £/ie Alexander- Whitney map. 
I $(W ® Cj(Li x • • • x C W <g> [C(ii) ® ■ • • ® 

5. j4n?/ £iajo sttc/i $ are naturally equivariantly homotopic. 

In the special case L\ = ■ ■ ■ — L p = L, we obtain a natural morphism of chain complexes of 
A7r-modules 

$: W® C(L P ) -»• W/®C(L) P 



which satisfies the last four conditions of the Lemma 15.51 

Let T G OqS. Applying the above special case of the Lemma 15.51 to each simplicial set 
T(G/H), we obtain chain maps $> H : W <g> C(T{G/H) P ) W ® C(T(G/H))*> which is tt- 
equivariant. Since is natural with respect to maps of simplicial sets, we see that 
(id w ® C(T(a) p )) = (id w ® C(T(a)) p ) o $ K where a _1 fl"a C AT. Thus we have a morphism $ 
of Oc-chain complexes 

®:W<E> C(T P ) ^W® C{T) P , defined by ®(G/H) = $ B , H CG. 

Now suppose that on O^-group p operates on T. The diagonal action of p on T p induces 
p-action on C_(T P ). Also we have an induced p- action on C_(T). We let p operate diagonally 
on C_(T) P and trivially on W. The naturality of with respect to maps from T(G/H) into 
itself shows that is p(G/-ff)-equivariant. Thus $ is (ir x p)-equi variant. Hence we obtain 
the following. 

Corollory 5.6. Let T G OqS and an Oo-group p operates on T. For a subgroup tt of S p (ir 
not necessarily cyclic of order p), let W be a Kir-free resolution of A such that Wo = Air with 
generator eo- Then there is a natural transformation 



t: W®C{T P ) ->W®C(T) P 



such that 

1. $ is (jr x p)-equivariant. 
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2. $ is the identity homomorphism on W ®C_ a (T p ). 

3. $(G/H)(e ® (x u --- ,x p )) = eo®£(G/H)(xi,--- ,x p ) where Xi <E T(G/H) forl<i<p 
and£{G/H); C{T(G/H) P ) -> C(T(G/H)) P is the Alexander- Whitney map. 

I HG/H){W ® Cj(T(G/H)P)) C £ fc < w . W ® (C(T(G/H)) p ) k 

5. The map $ is natural with respect to equivariant maps of Oc-simplicial sets and any two 
such <fr are naturally equivariantly homotopic. 

Definition 5.7. For (T,M ,p) e Aa, let D: T ~^T p be the diagonal map 

D(G/H)(x) = (x, ■ ■ ■ , x), ie T(G/H), 
inducing a map D„ : C(T) ->■ C(T P ). Let A: W ® C(T) ->■ C(T) P to be the composite 

A : W ® C(T) W ® C(T p ) 4 W ® C(T) P -> £(T)» 

where the last map is the augmentation. Observe that the map A is (irx p)- equivariant. Moreover 
we have a natural map 

a : [C; (T; M )] p -> Hom p (C(T) p , M ) 

defined by 

a(fi ® • • • ® f p )(G/H)(xi ® • ■ • ® ar p ) = ■ • ■ f p (G/H)(x p ), 

where f L G C*{T),Xi € C_(T)(G/H),i = 1, • ■ ■ ,p and a = H p , =1 deg(xk). Hence dualising A we 
get a natural morphism of An -complexes 

6:W®C; (T; M f -»■ C p * (T; M ) 

8(w® f)(G/H)(x) = (-l)deg( W )deg(x) > a (f)(G / 'H)(A(G / ' H)( W ® x)) 

where w£W,f £ C*{T) p ,x <E C(T(G/H)). 

Note that 8(e ® /) = D*£*a(f) for any f € C*{T) P . As before let V denote a AS p -/ree 
resolution of A and j:W V be the map induced by the inclusion tt <—} S p . We apply the 
CorollarytEMfor the (sub)group E p to get®: V®C_{T P ) -> VF®(7(T)p. TTiera ®a(j®id) satisfies 
first four conditions of the Corollary \5.6\ for the subgroup n and hence must be equivariantly 
homotopic to $. Therefore 6: V ® C*(T) P — > C*(T) can be defined such that 8 o (j ® id) is 
An -equivariantly homotopic to 8. Therefore (C*(T),9) is an object of the category €(p). Thus 
we obtain a contravariant functor T : Aa — > £(p) by letting Y(T,Mq, p) — (C*(T; -Mo), &) and 
r(/o,/i,/a) = C*(f ,f 1 ,f 2 ) on morphisms (see Remark{4l\). 

The next lemma is the key to show that (C*(T; Mq),8) is a Cartan object of <£(p). Let 
= (e ® id)$ where $ is obtained from the Lemma T5. 5 1 and e: W — >• A is the augmentation. 

Lemma 5.8. Let Li, Si i — 1, ■ ■ ■ ,p be simplicial sets. Letu: x IIf=i ^i) — * Oi=i(-^« x 

S*,) and [/: « =1 C(i I )) ® (®? =1 C(Si)) -> ®f =1 [C*(L 4 ) ® C(Si)] fee s/iu#Ze maps. Let t denote 
the flip map, that is, t(x ® y) = y ® x. Then there exists a homotopy 

v p 

H: W®C(Y[Li X n^)^®^!^)®^)] 

i=l i=l 
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of the chain maps £, p (f>(id ® u) and U{4>® <p)(id ® t ® id)(ip ® id® id)(id x £), so fftai £/ie fol- 
lowing diagram is homotopy commutative. 



v p 



i=l i=l 



i=l 



U(<j>®<j>) (id®t®id) (i>®id<3id) 



®Li[^(^)®c(^)] 



Moreover the homotopy H is natural in the Li, Si and following diagram commutes for a G it. 



W®C7(fjL 4 x Jj5<) ®ti[C(L l )®C(S t )} 



i=l i=l 



W®C(f[L a{l) xf[S a{l) ) ®\ =1 [C{L a{{) )®C{S a{l) )\ 



i=l i=l 



Proof. The proof is similar to the proof of Lemma 7.1 of [May70| , Let Aj = Cj(Yii=i Li x 
Iir=i anc ^ = ® We construct "H on Wi ® Aj by induction on i and 

for fixed i by induction on j. Note that the two maps agree on W ® Aq. So H is the zero map 
on W ® Ao. To define % on Wo ® Aj, j > 0, it suffices to define on eo <8> Aj, since H can then 
be uniquely extended to all of Wq ® Aj using the commutativity of the second diagram. The 
functor eo ® Aj is represented by the model A[j] p x A[j] p and W <g> -Bj is acyclic on this model. 
Therefore, by acyclic model argument, H. can be defined on eo ® Aj, provided % is known on 
eo ® Aj-_i. But % has already been defined on Wo <8> Ao. Hence by induction on j, we can define 
% on eo ® Aj, j > 0. To define H on Wi ® Aj, assume that it has already been defined on 
Wj' €5 Aj, i' < i, j > and on <8> Aj/, j' < j. Choose a A7r-basis {w/A for Wi. As before, it 
suffices to define ~H on w ® Aj , w € {wfc}. We can repeat the acyclic model argument replacing 
eo by w, and hence we are through by induction. □ 

In the special case L\ — ■ ■ ■ = L p = L, Si = ■ ■ ■ = S p = S, we obtain the following corollary. 

Corollory 5.9. For simplicial sets L, S the two chain maps ^ p (f>(id ® u) and 
U((f> ®(j>){id®t® id)(ip ®id® id){id x £) from W <g> C(L P x S p ) to [C{L) <g> C{S)] P are Att- 
equivariantly homotopic and the homotopy is natural in L and S . 

Suppose (T,Mq,p) and (T" , M' Q , p') are objects of Aa- For the product actions of p x p' on 
T xT' and M g> Af£, we have (T x T' , M x M' Q , p x p') e Aa- The following lemma relates 
r(T x T', M x Mq, pxp') = (C* pxp , (T x T'; M <g> M' ), 6) to 

r(T,M ,p)®r(T',M^p') = (C;(T;M Q )®C; i {T';M' ),~6). 

Let 

5: C* p (T;M )®C;,(T';M! ) ) -> Hom pxp >(C(T) ® C(T'), M Q ® Mq) 
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be defined as 

a(f ® g)(G/H)(x ® y) = (-l) de ^ de ^ f(G/H)(x) ® g(G/H)(y), HCG, 
where / G C p *(T; M ), <? £ C* p ,(T; M ), x G C(T)(G/H), y G C(T')(G/H). 
Lemma 5.10. Witft notations as above, the following diagram is An-homotopy commutative. 



W®C*,{TxT';M ®M' o y 



C* p ,(TxT';M ®M^ 



W ® [C; (T; M ) ® C;, (T' ; M )f 



c;(r ; M )®c;,(r';M^) 



Proo/. LetL>, £>', L> be the diagonals for T, T', TxT' respectively. Letu: T p xT' p (TxT' f 
and U: C{T) P ®C{T') P [C(T) ® (7(T')] P be the shuffle maps. Let t be the switch map. 

By definition of 9 and 9, it suffices to prove that the following diagram of Oc-chain complexes 
is A(tt x p x p^-cqui variant homotopy commutative. 



W®C{T x T') - 

(A)--- id*Z 

W ® C{T) ® C(T') 



C(T x T') p 



[C(T) <g> C(T 



>\]p 



Here 



A = (e ® id)$(id ® £>), ( = U(A ® A)(irf 1 ® id). 
Let </> = (e ® i<f)J>. Observe that I) = u{D x D') and 

(id®D®id® D')(id ® f ® (g) id ® id) = (id ® i ® id)(ip ® id ® id)(id ® D (g> D'). 

Observe that the following diagram commutes by the naturality of £. 



, id®(DxD') 

W ® C(T x T ) — <!■ W ® C(T P x T' p ) 



(Al). 



W ® <7(T) ® C(T') 



W ® C{T P ) ® C(T' P ) 



Let J 7 denote the following diagram of Og-chain complexes of A-modules. 

W ® C(T P x T' p ) If ®C([Tx T'f) = — - C(T x T'f 



{A2).- 



W ®C{T P ) ®C(T' P ) 



U(<j>®<j>)(id®t®id)(ip®id®id) 



e 



\c(T) ® c(r 



'MP 
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Then F(G/H) is A7r-homotopy commutative, by Corollarv l5.9l The naturality of this homotopy 
with respect to maps of T(G/H) into itself implies that the homotopy is equivariant for the 
p{G/H )-action on T(G/H). Similarly it is j o'(G/_ff)-equivariant. These natural equivariant 
homotopies of chain complexes combine together to form A(ir x p x //)-equivariant homotopy, 
which makes the diagram (A2) A(7r x p x p') -equivariant homotopy commutative. 

Now observe that the diagram (A) is juxtaposition of the diagrams (Al) and (A2). Hence 
the diagram (^4) is A(tt x p x p')-equivariant homotopy commutative. □ 

Proposition 5.11. For an object (T,M ,p) of Aa, T(T,M ,p) = (C*(T; M ),6) is a Cartan 
object of 

Proof. Recall that (C*(T;M ),6) is called a Cartan object if the cup product is a morphism 

of €(p). Now observe that (T, M , p) {DMM \ (T x T, M , p) { - td ' m ' D) ) (T x T, M <g> Mo, pxp) 
are morphisms in ,4a, where m: Mo <8> Mo — > Mo is the multiplication, D denotes the diagonal 
map, and we let p operates diagonally on T x T . 

Applying the Lemma l5. 101 with (T, Mo, p) = (T f , Mg, p'), and composing with the morphism 
C* (id,m, D), we see that the composite £*a 

C* p (T; M ) ® C* p (T; M ) A Hom p (C(T) <g> C(T), M ) ^> CJ(T X T; M ) 

is a morphism in £(p). Also C*{D, id, id) : C*(T x T; M ) -> C*(T; M ) is a morphism in £(A). 
Hence the cup product is a morphism in £(p). □ 

Next we show that (C*(T; M ) is an 'Adem object' in £(p). 

Proposition 5.12. For (T,M ,p) G Aa, T(T,M ,p) = (C*(T; M Q ),d) is an Adem object of 



Proof. With the notations of the Definition 15 .41 we first construct 

?7 : Y ® C* p (T; M ) p2 -> C* p (T; M ). 

The procedure is similar to the construction of 0. We remark that the proof of the Lemma 
15.51 works for any subgroup n of S r , r being any positive integer. Thus, for simplicial sets 
Li, ■ ■ ■ , L r , we have a chain map 

$: Y®C{Lx x ••.L r )->y®C(Li)®-.-®C(L r ), 



satisfying properties of the Lemma 15.51 Specializing to L\ = ■ ■ ■ = L r = L and 7r = E r , 
and then passing to Oc-simplicial set T with Oc-group action p, we obtain Ocj-cham map 
A: F<g>(7(T) — > C_(T) P which is (E r x p)-equivariant. Proceeding similarly to the construction 
of the map 9, we obtain 77. 

Dualising the diagram in Definition 15.41 it suffices to prove that the following diagram is 
A(r x p)-homotopy commutative, 

Wi ® Wj ® C(T) Y ® C(T) = C(Tf 2 



txid 



A'' 



1^ 2 P ® Wi <g> C(T) Wf ® C(T) P — [W 2 ® C(T)] ?) 
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where the notations are as in Lemma 15.101 Then, as in |May70| , it suffices to show that the 
the natural transformations x, ^ : W\ ® W$ (8> C_(T P ~) -» C(T) P ~ , defined by x = </>(w ® id) and 
Q = (f> p U_(id®(f))(t(E>id), are A(r x p)-equivariantly homotopic. Here r operates by permutation 

of factors and the C^-group p operates diagonally on T p2 and C_(T) P . Now for simplicial sets 
without any group action, replacing T p by the product fli 4=1 ^ij an( ^ then following the 
methods of the Lemma 15.81 the corresponding chain maps can be shown to be T-equivariantly 
homotopic and the homotopy is natural with respect to maps of simplicial sets. Hence x an d 
fl are A(t x p)-equivariantly homotopic. □ 

Thus we have the following theorem. 

Theorem 5.13. Let (T,Mq,p) G Aa, A = Z~, p > 2. Then there exist functions 

V s : H q p {T- M ) -> f^+ 2 »(*'- 1 )(T; M ), 
^P s : H q p {T;M ) -> #9+2<>(p-i)+1( T; Mq ) j 
which satisfies the following properties 

1. V s and j3V s are natural homomorphisms. 

2. V s = (3T S = i/ s < 0. 4Zso 7> s (x) = if 2s > q, /3V S = if 2s > q. 

3. V s (x) = x p if 2s = q. 

4- ( Cartan formula) For x, y £ H q (T; Mq), 

V s (xUy) = Yl T ,i {x)UV j {y), 
[3r s+1 (xUy)= W l+1 {x)\JV J {y) + {-l) de9(x) V l {x)upT 3+1 {y)]. 

5. (Adem relation) If a < pb then 

pe-papb = J2(-l) a+l (a -pi,(p-l)b-a + i- l)/3 e V a+b - l V\ 

i 

If a < pb then 

pe-pap-pb = ^ _ e ) ^(_i)«+*( a -pi : (p _ i)b - a + i - l)/3P a+b -'V l 

i 

- ^(-l) a+t (a - pi - 1, (p - 1)6 - a + i)(3 e T a+b - l pV\ 

i 

where e = 0, 1 and f3°V s = V s and ^V 8 = f3V s . 

Proof. We only need to prove that V s — f3V s — for s < 0. By the definition of the power 
operations, it suffices to show that Di(x) = for i > pq — q, deg(x) = q. Recall that A = 
(e <S) id)$(id x D) and 

$(e, <g> D(k)) G ^ Wpq-j ® [C(T)} P C if er(e ® id) for i > pq - q. 
j<pq 

Hence Afe ® A) = for jfe &C i{T). □ 
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Let X be a one vertex G-Kan complex and M be an equivariant local coefficients on X. 
We define the reduced power operations in the simplicial Bredon-Illman cohomology with local 
coefficients by V s = /i*" 1 ? 74 >* and f3V s = fi^ifJV 8 )^* , where the symbols V s and (3V S on 
the right side of the equality denote the power operations as constructed in the category Aa 
and /i* is the isomorphism as given in the Theorem 14.31 Thus we have the following theorem. 

Theorem 5.14. Let X be a one vertex G-Kan complex and M be an equivariant local coeffi- 
cients on X. Then there exist natural homomorphisms 

V s : Hq(X; M) H G +Mp ~ X) (X; M), 

f3V s : H q G (X;M) -»• H q G +2s(p ~ 1)+1 (X; M), 

which satisfies the properties (1) — (5) of the Theorem 1 5. 1S\ 

If G is trivial then V s can be naturally identified with the reduced power operations in local 
coefficients jGit63l. 

Proof. Since the isomorphism /i* of Eilenberg theorem is natural and respects the cup product, 
the first part follows from the Theorem 15. 131 

For the second part, we just remark that when G is trivial the map A, as constructed in the 
Definition 15.71 reduces to the (tt x p)-equivariant chain mapping <f>' of [Git63| (see Section 4.2 
of [Git63| ). □ 
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